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Overview

e Lagrangean Decomposition

e LP production planning model

e Two MILP model extensions

e Comparison of two Decomposition approaches
e Summary
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Lagrangean Decomposition

* Suppose Maxcx
st.Ax<d,Bx<e

* This is equivalent to MaXCX
st.Ax<d,By<ex=y

* Lagrangean Decomposition: maxcx+A(y—x)
st.Ax<d,By<e

= Mmaxcx—Ax . maxAy
st.Ax<d st.By<e

maxcx+A(y—X)
st.Ax<d,By<e

Solve the Lagrangean Dual: mjn{
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LP Production Planning Model

lllustration of the model with different stages

Periodt-1 Periodt
", X...production (cost a)
sl...sales (price B)
w...Inventory for the next period (cost 6)
Shipments v...Inventory of t.he last p.eriod (cost 6)
z...Products leaving the sites (cost y)
y...Products arriving at the markets (cost y)

Inventory Inventory
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LP Production Planning Model

max p=ZtZi(§ Brit ¥ it _Zsl[asitxsit * Ot Vst * 2 Yemit Yamit jj

S.t.
(1) Xgy +Vgp 1 = Wy Zm: z_. Os,i,t
y, =d . Om.it X...production (cost a)
(2) ZS: Y amit mit sl...sales (price B)
v, =w_ 0Os,i,t w...Inventory for the next period (cost 8)
_ v...Inventory of the last period (cost 6)
(4) Zomit — Ygmit Us,m,1,t z...Products leaving the sites (cost y)
y...Products arriving at the markets (cost y)
(S)Z Xgr < Pcap o Os,t
(6) slmit < fcast mit Om,i,t
: : : LD i
(7) XSIt’VSIt’ ’ysmlt smit ’Slsmlt 2 0Us,m,i,t
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Spatial Decomposition

Poriod 1 FPoriod T

st.(1),(2),(3),(5),(6),(7) Us,m,i,t
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Temporal Decomp05|t|on

...............................................................

Periodt
b‘! !
Shipmonts
F )
Sites Invontory f———>»
W :

max p = ZZ(Z mitS mit Z( sitSsit * 9%t Vst Z YamitY smlt] ZZA (Sm't Vsmit)j

st.(1),(2),(4),(5),(6),(7) Us,m,i,t
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Solving the Lagrangean Dual

 Subgradient Method, Cutting Plane Algorithm or hybrid
- Problem: Usually computationally expensive to solve

 Improvement: Interpret Lagrange multipliers as
Transfer-Prices between the different stages of the
network

- Exploit this interpretation to initialize multipliers
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Small-Scale Example

e Bounding scenario determines Lagrange multipliers:

Case 1: Sales bounded by demand fcast. Case 2: Sales bounded by production cap.
Period 1 Period 2 Period 1 Periad 2
>
L3
o +y aty B B
!
Shipment Shipment Shipment Shipment
[ F
a ¢ B-v B-v

¥
P i N T -~

; a a+ - S » - -yt+h,/ . N

Site Inventary Site ! Site ,l—B—Y—h Inventory M Site )
M #* M #*
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Small-Scale Example (Spatial)

e Bounding scenario determines Lagrange multipliers:

Case 1: Sales bounded by demand fcast. Case 2: Sales bounded by production cap.
Period 1 Period 2 Period 1 Periad 2
L3
o +y oty E' B
!
Shipment Shipment Shipment Shipment
[ L\
a ® B-v B-v
V4 VAVAVAVAVAVAVAVE V4 AVAYA A VA VA Vo VA VA YAYS
@_ﬂ, Inventary ar Site { Site :1_]3_"?_. Inventory m’ Site :;
—>Spatial Decomp: A, = a = AP, —>Spatial Decomp: AP, = B-y = AP,
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Small-Scale Example (Temporal)

e Bounding scenario determines Lagrange multipliers:

Case 1: Sales bounded by demand fcast. Case 2: Sales bounded by production cap.
Period 1 Period 2 Period 1 Periad 2
>

L3
o +y oty E' B
!
Shipment Shipment Shipment
H
® B-v B-v
Inventary ar Site { Site :1_]3_"?_. Inventory m’ Site :;
—>Temporal Decomp: At =« - Temporal Decomp: At = 8-y
> At= A
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Discussion of a Large-Scale Case

1. Multi-period setting: Need to identify bounding
scenario
— Period-Cut Criterion (Intertemporal product distribution)

2. High complexity concerning exactly which prices B, .,
and costs a;, 6., and y,.,. to chose for specific

multipliers
— Heuristic approach
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1. Period-Cut

Theorem: If it is profitable to sell products, then if the sales
of a period t are bounded by the demand forecast, all
following periods t+1,...,T are also forecast bounded.

Corollary: If it is profitable to sell products, then if the
sales of a period t are bounded by the production

capacity, all previous periods 1,...,t-1 are also capacity
bounded.
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1. Period-Cut - Proof Outline

Suppose period t, is demand forecast bounded and period
t, > t, is production capacity bounded.

—> The additional capacity in t; would be used to produce
products and distribute them to t, through inventory

- Two p055|ble cases:

Z feast, - Z peap, >Z pcap, — Z fcast, ; t, and t, are fcast bounded

2. tZl’, feast, -; pcap, s; pcap, -; feast, : t; and t, are pcap bounded
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2. Tackling the Complexity

e Multi-product, multi-site and multi-market setting

—> Heuristic approach: Choose values B,..., a., 0., and
Y<mit fOr assigning all Lagrange multipliers that yield a
possibly low overall profit, i.e. the worst site-shipment-

market combination
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Setting the Lagrange Multipliers

 Spatial Decomposition:
A =i n{,B’mit ~ Vit — I, (t,, —t,, ) Ot until the Period Cut and accordingly set t,,,t,,

AP = max{ }+0,,(t,, —t,.) Ot after the Period Cut and accordingly set t,, ,t,.,

smit

e Temporal Decomposition
A= rrr1niin{ﬁmit = Verits — Oy (t,, —t,, ) Ot until the Period Cut and accordingly set t,,,t,,

A = max{ +0,(t,, —t,.) Ot after the Period Cut and accordingly set t,. ,t,.

Note: Inventory cost correction accounts for possible inter-temporal effects
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Numerical Results - Improvements

Gap to optimal solution after initializing the multipliers
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Interpretation
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Numerical Results - Improvements

Subgradient iterations until convergence

Spatial Decomp. Temporal Decomp.
350 40
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RWTHAACHEN

Carnegie Mellon

UNIVERSITY



15t MILP Model Extension

max p = Z?(?ﬂmitgmit _Zsl(asitxsit * OVt + SRR+ DV i Vi

st. X...production (cost a)

sl...sales (price B)
D-(7) _ w...Inventory for the next period (cost 6)
(8) Xt < pcapstsetupsitDs, It v...Inventory of the last period (cost &)

z...Products leaving the sites (cost y)
y...Products arriving at the markets (cost y)
setup...Binary setup variable (cost scst)

(9) setupg, 0{0:1} Os,i t

Note: The Decomposition formulations are not affected by the MILP extension
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Using Economic Insight in MILP Case

e Usage of economic implications to rigorously bound
the multipliers and cut down the search space

- Best way: Using marginal values from LP formulation as
basis and modify them
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LP Basis

Question: What changes the multipliers from the LP model
to the MILP formulation?

— Setup costs, can be seen as increase in production cost
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LP Basis - Setting the bounds

A>. <LPmarginal values of (4) [t until the Period Cut
Ad 2 max{O LPmarginal values of (4) — MILPchangel pcap} [t until the Period Cut

A>. <LPmarginal values of (4) + MILPchangel ... [t after the Period Cut
A>. = LPmarginal values of (4) [t after the Period Cut

with MILPchangel feast = IMAX MAX: ety }}

| s | pcapy
[ [scstg —scsty, .
MILPchangd ., = max4 maxs LI,
s L Peapy

Note for Temporal Decomposition: Marginal values of constraint (3)
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Numerical Results 15t MILP

Cutting Plane Algorithm for numerical examples

4000

3500

3000 Gap to full space optimum
2500

¢ Generic Bounds Spatla! ] Tempor.a I_
2000 (10e62A20) Decomposition Decomposition

1500 * 2.632 % 0.756 %

1000 LP based
Economic Bounds

Iterations until Convergence

500

0
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2"d MILP Model Extension

max p = ??[Zﬁmitgmit _Zsl(asitxsit +Ogit Vgt + 0SSPy, +Zm:ysmitysmit]]

st X...production (cost a)

sl...sales (price B)
D.(2),(3),(4),(6),(7),(9) w...Inventory for the next period (cost §)
(10) x4, = xtg, prateg, Us,1,t v...Inventory of the last period (cost 6)

. : z...Products leaving the sites (cost y)
< .
(1D Xtg, < setupy, HortimeLs, 1, t y...Products arriving at the markets (cost y)

(12) Z(th't + setup,, stime,, ) < Hortimes,t | setup...Binary setup variable (cost scst)
i xt...Time spent producing producti in site s

Note: The Decomposition approaches are not affected by the MILP extension
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Relaxed MILP Basis

 |dea very similar to 15t MILP extension: Only monetary
change in the MILP are the setup costs

- Problem: Formulation of LP here not possible because
of setup times

- Solution: Marginal values for the relaxed constraints
from relaxed MILP as basis for the multipliers
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rMILP Basis - Setting the bounds

A2, = max{0; tMILPmarginal values of (4) - MILPchangel| pcap}
Aqie STMILPmarginal values of (4) + MILPchangell (.,

with MILPchangell . =max< max; st
t It =T T | prate,, (Hortime— stimey, )

— SCStsit B SCStsjt . .
MILPchangd | ocap — MaXq MaXs _ _ I,
¢ | s | prate, (Hortime—stimey, )

Note for Temporal Decomposition: Marginal values of constraint (3)
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Numerical Results 2"d MILP

Cutting Plane Algorithm for numerical examples
1400

1200 o

1000

800 ¢ rMILP Bounds
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® Generic Bounds

Iterations until Convergence
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0

daverage

- 31 % less iterations (~ 50 % less computational time)
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Spatial vs. Temporal Decomposition

Key assumption:

The larger the feasible region of the sales of finished
product, the higher the attainable profit

Theorem:

For the mixed integer planning problems presented in this
work, temporal decomposition provides a tighter upper
bound to the full space optimal profit than spatial
decomposition
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Spatial vs. Temporal Decomposition

Definitions: Optimal solution of Spatial dual

D3 ={max p:(d,x, f,y,setup,v,w) 0S}

(d,X%,Y,z,setup,v,w) : (d, X, YV, z, setup, v, w)
S=
{DCO(FSLP) n{(y.2):y=2 }

FS: feasible region of the planning problem with y = z relaxed
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Spatial vs. Temporal Decomposition

Definitions: Optimal solution of Temporal dual

D' ={max p:(d,x,Y, z setup,v,w) OT}

T {(Sl X, Y, Z,5etup,v,w) : (3, X, Y, z,setup,v,w)}

OCo(FT™™) n{(v,w) :v=w}

FT: feasible region of the planning problem with v = w relaxed
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Proof QOutline

Proposition 1 (P1)
: LP : LP
Projg sy FT~ U Projg setup) FS

Corollary
Proj g setup) (CO( FT LP) ) [ projg . setup) (CO(FSLP))

Proposition 2 (P2)

Proj (g setup) (CO( FT LP)) 1 Proj g setup) (CO(FSLP) n{(y,2):y= Z})
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Using P2:

Proof QOutline

Proj g setum (CO(FTP) N { (V,W) :v =W} ) O proj g seey (CO(FT?))
7 Projg sy (COFS™) n{(y,2): y= 2

Recall:

The larger the feasible region of the sales of finished product,
the higher the attainable profit. Thus,

D' ={max 77: (OT}
<

D® ={max 77: (O S}
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Summary

1. Usage of Decomposition approaches to solve or help
solving LP and MILP problems

2. Significant computational savings through initializing or
bounding Lagrange multipliers through their dual
Interpretation

3. Temporal Decomposition approach gives tighter
bounds on the full space solution
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Thank you for your attention.
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